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Abstract
We consider the nonstationary flow of an incompressible viscous conducting fluid in the plane pipe of infinite length in the
presence of a transverse magnetic field. Using the Laplace transformation we obtain the expressions for the fluid flow velocity
and the electric and magnetic field intensities when the conductivity values of the fluid and pipe walls are arbitrary. Solutions are
expressed in terms of complex integrals which are calculated for the particular case of ideally conducting walls.
c⃝ 2016 Ivane Javakhishvili Tbilisi State University. Published by Elsevier B.V. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
In recent years, nonstationary flows of a conducting incompressible fluid have been considered in a number of
works. A class of exact solutions of magnetohydrodynamic equations for laminar flows has been considered in
the papers [1–3]. The theoretical statement of nonstationary problems and their solvability were investigated by
Ladyzhenskaya and Solonnikov in [4]. In the papers [5–7], an exact solution was obtained for a nonstationary flow of
a fluid which is produced by the ideally conducting parallel walls in the presence of a transverse magnetic field. The
impulsive motion and oscillations of the plate in a conducting fluid in the presence of a magnetic field are studied in
the works [8–12].
2. Main part
In the present paper, an exact solution is obtained for the particular case of a nonstationary flow of a conducting
incompressible viscous fluid between the conducting parallel walls of infinite length. An analogous problem was the
subject of Regirer’s paper, but the induced fields outside the fluid are ignored there.
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Let a stationary fluid, whose conductivity is σ , viscosity coefficient is η, density is ρ and magnetic permeability
is µ, occupy an infinitely long plane pipe with parallel walls, the distance between which is 2L . The pipe walls
are assumed to be infinitely thick and characterized by the conductivity σ ∗, magnetic permeability µ and dielectric
permeability ε. There exists a transverse magnetic field B0 = µH0.
At the initial moment of time t = 0, the constant pressure changes suddenly along the pipe and, as a result, the
fluid begin to move. The origin of the Cartesian system (right) is chosen between the pipe walls, the x-axis coincides
with the fluid motion direction, while the y-axis is directed normally to the walls, i.e. in parallel to the direction of the
magnetic field.
To prevent the appearance of electric bulk charges, it is assumed that the conducting walls are grounded at
z →±∞.
Let the values L , U0, LU0 , ρU
2
0 , H0, µH0U0,
H0
L (U0 is some typical velocity) denote respectively the radius of the
vector r⃗ , fluid velocity V⃗ , time t , pressure ρ, magnetic field intensity H⃗ , electric field intensity E⃗ and current density
j⃗ .
Then the equations of the problem will be written in the non-dimensional form [13–15] as follows: in the domain
adjacent to the fluid
rot H⃗ = j⃗ (1)
div H⃗ = 0 (2)
rot E⃗ = −∂ H⃗
∂t
, (3)
div E⃗ = 0 (4)
j⃗ = Rm(E⃗ + V⃗ × H⃗) (5)
∂ V⃗
∂t
+ (V⃗ ∇)V⃗ = −∇ρ + S(rot H⃗ × H⃗)+ 1
R
∆V⃗ (6)
div V⃗ = 0, (7)
in the domain near the pipe walls
rot H⃗∗ = j⃗∗ + β2 ∂ E⃗
∗
∂t
, (8)
div H⃗∗ = 0, (9)
rot E⃗∗ = −∂ H⃗
∗
∂t
, (10)
div E⃗∗ = 0, (11)
j⃗∗ = R∗m E⃗∗, (12)
where
S = B
2
0
µρU 20
= M
2
RRm
, M2 = B
2
0 L
2σ
η
, β2 = εµU20 ,
R = U0Lρ
µ
, Rm = σµU0L , R∗m = σ ∗µU0L ,

are non-dimensional parameters.
As it is usually done in magnetohydrodynamics, we neglect the displacement current in the fluid.
In the considered problem
V⃗ = V⃗ [U (y, t), 0, 0], H⃗ = H⃗ [Hx (y, t), 1, 0], E⃗ = E⃗[0, 0, Ex (y, t)],
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j⃗ = j⃗[0, 0, jx (y, t)], p = p(x, y, t),
and
∂p
∂x
= const = −P.
Hence Eqs. (1)–(7) reduce to a system
∂Hx
∂t
= ∂U
∂y
+ 1
Rm
∂2Hx
∂y2
,
∂U
∂t
= P + S ∂Hx
∂y
+ 1
R
∂2U
∂y2
,
∂p
∂y
= −SHx ∂Hx
∂y
, (13)
jz = −∂Hx
∂y
= Rm(Ez +U ), (14)
∂Ez
∂y
= −∂Hx
∂t
,
while Eqs. (8)–(12) take the form
−∂H
∗
x
∂y
= R∗mE∗z + β2
∂E∗z
∂t
,
∂E∗z
∂y
= −∂H
∗
x
∂t
.
By virtue of the above assumptions, for t = 0 the initial conditions are written as
U = Hx = Ez = jz = 0, p = −Px + p0,
H∗x = E∗z = j∗z = 0.

(15)
The boundary conditions imply that the fluid velocity on the pipe walls is zero, while the intensities of the magnetic
and electric fields are continuous, i.e. for t > 0,
y = +1, U = 0, Hx = H∗x , Ez = E∗z , (16)
and
y = −1, U = 0, Hx = H∗x , Ez = E∗z . (17)
The fields in the upper wall domain remain constant for y → +∞, and in the lower wall domain they remain
constant for y →−∞.
If we know the intensity of the induced magnetic field Hx (y, t), then the pressure p(x, y, t) is defined from
Eq. (13), and the current density jx (y, t) from the relation (14). Therefore in the sequel we will limit our consideration
to finding the unknowns U , Hx and Ez .
Applying the Laplace transformation [16] for the zero initial conditions (15), for the images of the sought functions
U˜ , H˜x and E˜z we obtain the equations
pH˜x = dU˜dy +
1
Rm
· d
2 H˜x
dy2
, (18)
pU˜ = S d H˜x
dy
+ 1
R
d2U˜
dy2
+ P
p
, (19)
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−d H˜x
dy
= Rm(E˜z + U˜ ), (20)
d E˜z
dy
= −pH˜x , (21)
where p is the transformation parameter.
From the relations (18) and (19) we find
d4U˜
dy4
− [M2 + (R + Rm)p]d
2U˜
dy2
+ RRm p2U˜ = RRmP, (22)
d4 H˜x
dy4
− [M2 + (R + Rm)p]d
2 H˜x
dy2
+ RRm p2 H˜x = 0. (23)
Solutions of Eqs. (22) and (23) have the form
U˜ = C1chmy + C2shmy + C3chmy + C4shny + P
p2
, (24)
H˜x = C5chmy + C6shmy + C7chny + C8shny, (25)
where m and n are the roots of the characteristic equations
λ4 − [M2 + (R + Rm)p]λ2 + RRm p2 = 0,
m = 1
2

M2 + √R +√Rm2 p +M2 + √R −√Rm2 p,
n = 1
2

M2 + √R +√Rm2 p −M2 + √R −√Rm2 p.
Now from (21) we find the electric field intensity
E˜x = −p

C5
shmy
m
+ C6 chmym + C7
shny
n
+ C8 chnyn

− P
p2
. (26)
The integration constant is defined by Ohm’s law (20).
Substituting the solutions (24)–(26) in the initial equations (18)–(20) and assuming that they are identically
satisfied, we obtain two systems of equations that connect the integration constants
C1
m2
R
− p

+ C6mS = 0,
C2
m2
R
− p

+ C5mS = 0,
C3
n2
R
− p

+ C8nS = 0,
C4
n2
R
− p

+ C7nS = 0.

and
C6
m2
R
− p

+ C1m = 0,
C5
m2
R
− p

+ C2m = 0,
C8
n2
R
− p

+ C3n = 0,
C7
n2
R
− p

+ C4n = 0.

(27)
From the structure of the differential equations (18)–(19) we see that only one of the obtained algebraic systems is
independent.
For the final definition of the values U˜ , H˜x and E˜z in the fluid domain it is necessary to define the images of the
electric and magnetic field intensities in the pipe walls.
For the upper wall domain the transformed equations have the form
−d H˜
∗
x
dy
= (R∗m + β2 p)E˜∗z , (28)
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d E˜∗z
dy
= −p xH x . (29)
From the system (28)–(29) we obtain the differential equations
d2 H˜∗x
dy2
= (R∗m + β2 p)pH˜∗x , (30)
d2 E˜∗z
dy2
= (R∗m + β2 p)pE˜∗z . (31)
Solutions of Eqs. (30) and (31), which satisfy the initial relations (28) and (29), boundary conditions (16) and
remain bounded for y →+∞, have the form
H˜∗x = H˜∗x

y=1e
√
p
√
R∗m+β2 p(1−y)
E˜∗z = E˜∗z

y=1e
√
p
√
R∗m+β2 p(1−y),
where the values of the functions on the wall y for y = +1 are related by
E˜∗z

y=1 = −
√
p
R∗m + β2 p
H˜∗x

y=1.
For the lower wall boundary we analogously find
H˜∗x = H˜∗x

y=−1e
√
p
√
R∗m+β2 p(1+y)
E˜∗z = E˜∗z

y=−1e
√
p
√
R∗m+β2 p(1+y)
and also
E˜∗z

y=−1 = −
√
p
R∗m + β2 p
H˜∗x

y=−1. (32)
Using now the boundary conditions (16) and (17), the first equation of the system (27) and the relations (31) and
(32), we define the integration constants in the solutions (24)–(26) and finally obtain the expressions of the images of
U˜ , H˜x and E˜z for the fluid domain
U˜ = Pu(p, y)
pD(p)
, H˜x = Ph(p, y)pD(p) , E˜z = −
Pg(p, y)
p, D(p)
where
u(p, y) = 1
p
{D(p)+ (Schn − F(p))chmy − (Schm − G(p))chny},
h(p, y) = 1
p

(Schn − F(p))

p − m
2
R
 shmy
mS
− (Schm − G(p))

p − n
2
R
 shny
nS

,
g(p, y) = 1
p

D(p)+ p

(Schn − F(p))

p − m
2
R
chmy
m2S
− (Schm − G(p))

p − n
2
R
chny
n2S

,
D(p) = F(p)chm − G(p)chn
F(p) =

p − n
2
R
 √pshn
R∗m + β2 p
+ p chn
n

1
n
,
G(p) =

p − m
2
R
 √pshm
R∗m + β2 p
+ p chm
m

1
m
.
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The fluid velocity and the induced magnetic and electric field intensities are found by means of the Riemann–Mellin
formula
U = P
2π i
 ω+i∞
ω−i∞
u(p, y)ept
pD(p)
dp,
Hx = P2π i
 ω+i∞
ω−i∞
h(p, y)ept
pD(p)
dp,
Ez = − P2π i
 ω+i∞
ω−i∞
g(p, y)ept
pD(p)
dp.
(33)
In the particular case of the ideally conducting walls (σ ∗ = ∞, R∗m = ∞), we manage to calculate the integrals
(33) in the general form by using the residue theorem. Indeed, in that case
F(p) =

p − n
2
R
 Pchn
n2
, G(p) =

p − m
2
R
 Pchm
m2
,
D(p) = 1
2RRm
(m + n)(m − n)[ch(m + n)+ ch(m − n)]
= 1
2RRm

M2 + (√R +√Rm)2 p

M2 + (√R −√Rm)2 p
×

M2 + (√R +√Rm)2 p + ch

M2 + (√R −√Rm)2 p
i.e. the meromorphic functions U˜ , H˜x and E˜z have simple poles at the points
p = 0,
p′k =
(2k + 1)2π2
2RRm
−(R + Rm)+

(R − Rm)2 − 4RRmM
2
(2K + 1)2π
2
 ,
p′′k =
(2k + 1)2π2
2RRm
−(R + Rm)−

(R − Rm)2 − 4RRmM
2
(2K + 1)2π
2
 ,
while the points p = − M2
(
√
R+√Rm )2 and p = −
M2
(
√
R−√Rm )2 are the removable singular points.
Then, by the residue theorem
U = UCT + P
∞
k=0

u(pk, y)ep
′
k t
p′k(
dD
dp )p′k
+ u(pk, y)e
p′k t
p′′k (
dD
dp )p′′k

, (34)
Hx = Hx CT + P
∞
k=0

h(pk, y)ep
′
k t
p′k(
dD
dp )p′k
+ u(pk, y)e
p′k t
p′′k (
dD
dp )p′′k

, (35)
Ez = −P
∞
k=0

g(pk, y)ep
′
k t
p′k(
dD
dp )p′k
+ g(pk, y)e
p′k t
p′′k (
dD
dp )p′′k

, (36)
where UCT and Hx CT corresponding to the stationary regimes and calculated as residues for p = 0 are defined by
the formulas
UCT = P(chM − chMy)SRmchM , Hx CT =
P(shM − yMchM)
SMchM
. (37)
To conclude, it is of interest to note that for the definite ratios of the parameters, the first nonstationary members in
the solutions (34)–(36) are damping oscillations, while in ordinary hydrodynamics the transient regime is always of
purely aperiodic character.
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